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1. INTRODUCTION 
A 2 x 2 system of conservation laws 
U,+F(U),=O, (1.1) 
where F: IF!’ + lR2 is a smooth function, has an umbilic point at U = U0 if 
dF( U,) is a multiple of the identity matrix. Suppose system (1.1) is strictly 
hyperbolic for nearby U # U,, (i.e., the eigenvalues of dF( U) are real and 
distinct). Then Eq. (1.1) is related to the normal form 
where 
U, + dC( U), = 0, (1.2) 
C(u, v) = au3/3 + bu2v + uv*, a # 1 + b*. (1.3) 
In [9], this connection between nonstrictly hyperbolic systems (1.1) with 
an isolated umbilic point and the normal form (1.2), (1.3) is established in 
detail, and a classification of the equations is given in terms of a and b. 
This paper completes the study of Riemann problems for 2 x 2 systems 
of nonstrictly hyperbolic conservation laws with quadratic nonlinearities 
that are nondegenerate in the sense of [9]. In [lo], the Riemann problem 
was solved for Eq. (1.2) with a > 36*/4. In this paper, the Riemann problem 
is solved for Eq. (1.2) with a < 3b2/4 (Case I of [9]) and arbitrary initial 
data 
w&O)= u 
{ 
UL 
if x<O 
R if x > 0. 
(1.4) 
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The new feature in the solution of the Riemann problem is an under- 
standing of the role of undercompressive shocks. Undercompressive shocks 
were introduced in [13] for the case a = - 1, b = 0, where the Riemann 
problem was solved by exploiting the S, symmetry of (1.2) for these special 
values of a and b. In general, there is no symmetry in the problem, but the 
undercompressive shocks can nonetheless be understood completely using 
a result of Chicone [2]. Undercompressive shocks correspond to trajec- 
tories of a certain dynamical system joining saddle point equilibria. 
Chicone’s result states that for a quadratic gradient vector field, as is the 
case for (1.2), such saddle-to-saddle trajectories necessarily lie on a straight 
invariant line. The immediate implications of this observation are explored 
in Section 3. 
The Riemann problem is solved in detail for representative cases in 
Section 4. We find a unique solution in the class of centered functions 
whose shocks are admissible in the sense of viscous profiles described in 
Section 2, and which consist of shocks and rarefaction waves separating 
intervals of x/t in which U is constant. The detailed construction of 
solutions is complicated, but the overall picture is quite simple. For a fixed 
U,, the U,-plane divides into three regions (see Fig. 9). For U, in region I, 
containing U,, the solution of the Riemann problem is more or less 
classical, involving a slow wave (i.e., a combination of slow shocks and 
slow rarefaction waves) and a fast wave. In region III, the solution again 
involves only a slow wave and a fast wave, but now the slow wave includes 
a large jump. Between these two regions, for U, in region II, the solution 
involves an undercompressive shock, in addition to a slow wave and a fast 
wave. 
2. PRELIMINARIES 
In Subsection (a), we recall from [9] the structure of rarefaction wave 
curves for Eqs. (1.2), (1.3) with a< 3b2/4. Then in Subsection (b), we 
discuss shock waves and viscous profiles, and the connection with 
bifurcation theory. 
(a) Rarefaction Waves 
Centered rarefaction waves are continuous piecewise smooth solutions 
U = U(x/t) of (1.2). Substitution into (1.2) leads to the equations 
Wt) = rk(W5)) (2.1) 
and 
5 = x/t = J-/A U(< ) 11 (2.2) 
THE RIEMANN PROBLEM FOR 2 X 2 SYSTEMS 345 
k = 1 or 2, where n,(U) > L,(U) are the eigenvalues of the Hessian matrix 
d*C( U), and rk( 17) (k = 1, 2) are the corresponding eigenvectors. Solution 
curves for (2.1) are referred to as integral curves. A section of an integral 
curve corresponds to a rarefaction wave, through (2.2) provided n,(U) 
is increasing along the section. This is the condition that the kth 
characteristic family be genuinely nonlinear. Then (2.1), (2.2) imply the 
normalization d&(U) . rk( U) = 1 of r,J U). Sets of points Fk where genuine 
nonlinearity fails, 
Fk= (U:dAk(U).rk(U)=O}, (2.3) 
are called inflection loci. Sections of integral curves oriented by the 
direction of increasing characteristic speed are called rarefaction curves. The 
orientation of a rarefaction curve reverses when the curve crosses an 
inflection locus of the same family. In Fig. 1, we show the pattern of 
rarefaction curves and inflection loci for a < 3b2/4. More precisely, this 
pattern is for a = - 1, b > 0, corresponding to Case IA of the classification 
[9] of Eqs. (1.2), (1.3). For Case IB, the inflection loci F,, F2 do not 
alternate in order around the origin. 
Remarks [9]. 1. The lines a = 0 and a = - 3 mark boundaries 
between Cases IA and IB. The distinction between these cases is of minor 
importance for solving Riemann problems. The important property is that 
there is at most one inflection locus of a given characteristic family between 
any pair of straight rarefaction curves of the same family. 
2. As a, b vary in the region a < 3b2/4, the angles between the inflection 
loci, and between the straight rarefaction curves, vary. When b = 0 or 
(a + l)(:a + 1) b* = 1, a straight rarefaction curve coincides with an 
inflection locus to form a line of symmetry for the equations. This leads 
to some minor simplifications in solving Riemann problems. There is a 
considerable simplification when all three inflection loci coincide with 
rarefaction curves. This occurs only for a = - 1, b = 0; the Riemann 
problem was solved in [ 131 for this special case. 
(b) Shock Waves and Viscous Profiles 
A shock wave solution 
w, t) = 
{ 
U- if x <st 
u 
+ if x>st 
(2.4) 
of Eq. (l.l), with shock speed s, is called admissible if there exists a 
travelling wave solution (“viscous profile”) 
u= U((x-St)/&) (2.5) 
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FIG. 1. Rarefaction curves. 
of the system 
U,+F(U),=EU,, (2.6) 
satisfying 
u(+@J)=u, and U’(fco)=O. (2.7) 
Substituting (2.5) into (2.6) and integrating from - cc, using (2.7), leads to 
the following system of ordinary differential equations, with parameters 
and U-1 
U’=F(U)-F(K)-s(U-K). (2.8) 
Equilibria of (2.8) satisfy the Rankine-Hugoniot conditions: 
F(U)-F(K)-s(U- U-)=0. (2.9) 
Note that U = U_ is an equilibrium for all s. A second equilibrium U = U, 
corresponds to an admissible shock (2.4) if and only if there is a trajectory 
from U- to U,. Thus a study of admissibility of shocks is reduced to the 
consideration of the phase plane portraits of the vector field given by (2.8). 
The nature of equilibria U, is related to the Lax entropy condition [7] 
for the shock (2.4) as follows. Let dF(U) have real eigenvalues n,(U) 2 
,I,( U). Since the nature of an equilibrium U for (2.8) is determined by the 
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signs of the eigenvalues of dF( U) -sl, we see that U is a stable node, 
saddle, or unstable node according to the inequalities 
s > n,(u), h(W<s<&(U), s<&(U), (2.10) 
respectively. Thus, (2.4) is a slow (respectively, fast) Lax shock if U is an 
unstable node (respectively, a saddle), and U, is a saddle (respectively, 
stable node). It follows that weak Lax shocks (for which IUP - U, 1 is 
small) are admissible. Admissible Lax shocks are called compressive shocks. 
An admissible shock in which both U- and U, are saddle point equi- 
libria is called undercompressive. Undercompressive shocks have been 
studied in various contexts [4, 14, 15, 17-J. In terms of the four sets of 
characteristics x - &( U,) t = const. (k = 1,2) on either side of the shock, 
Lax shocks have three characteristics entering the shock, while under- 
compressive shocks have only two characteristic entering the shock. Note 
however that this behavior of characteristics with respect o the shock only 
determines the nature of the equilibria U, (through (2.10)) and does not 
alone determine the admissibility of the shock. 
For fixed UP, the set of (s, II) satisfying the Rankine-Hugoniot condi- 
tions (2.9) forms a bifurcation diagram, in which s is the bifurcation 
parameter, U = U- is the trivial solution, and primary bifurcation points 
are located at s = &( U- ), k = 1,2. The projection of this diagram onto the 
U-plane is the Hugoniot locus H(K), which is the set of points U 
satisfying (2.9) for some s. If (s, U, ) satisfies (2.9), we shall speak of a 
shock U- + U, with speed s. To indicate the dependence of s on U, , we 
sometimes write s = s( UP , U, ). In the Hugoniot locus, we shall distinguish 
portions S,( UP ) corresponding to slow (k = 1) or fast (k = 2) admissible 
Lax shocks. The curves S,( UP ) are called slow and fast shock curves. 
3. A RESULT OF CHICONE 
Let f: [w* + [w be a cubic polynomial and let Q = df: Then Q is called a 
quadratic gradient vector field. A straight line L in 58’ is invariant for Q if 
Q(U) is parallel to L for every U on L. 
THEOREM 1 (Chicone [a]). Let Q= R2 -+ IF!* be a quadratic gradient 
vector field. Then every trajectory joining two saddle point equilibria of the 
system U’ = Q(U) lies on an invariant straight line. 
In this section we discuss the main implications of Theorem 1 for the 
Riemann problem (1.2 j( 1.4). In Subsection (a) we describe invariant lines 
for system (1.2). In Subsection (b), we discuss the structure of shock 
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curves, and in Subsection (c) we use this information to describe the slow 
wave curves. 
(a) Znvariant Lines 
Recall from Subsection 2(b) that admissible shocks have travelling wave 
approximations specified by the system of Eq. (2.9). For Eq. (1.2), this 
system is 
u’ = au2 + 2buv + v2 - au’ -2bu-v- -0’ -s(u-K), 
v’=bu2+2uv-buy -2upv_ -s(u-vu). 
(3.1) 
Let U= (u, v), and let Q(U) = (q,(U), q2( U)) be given by the right-hand 
side of (3.1). Then Q(U) is a quadratic gradient vector field. 
Remark. If Q,(U) is a quadratic gradient vector field that is non- 
degenerate in the sense that the map UH dQl( U) has rank 2, then after a 
constant affine change of variables, Q,(U) is Q(U) for some choice of the 
parameters up , v-, s, a, b, with a # 1 + b2. 
Invariant lines for (3.1) were computed in [ll]. We set q2 = mq, on the 
line v = mu + n and equate coefficients of powers of U. This leads to the 
equations 
n = 0, (3.2) 
m3+2bm2+(a-2)m-b=O, (3.3) 
and 
s(v--mu-)=(b-am)u? +2(1-bm)upvp-mvy. (3.4) 
For a < 3b2/4, Eq. (3.3) has three distinct real solutions m = mk, k = 1, 2, 3. 
Let M, denote the line through the origin with slope mk. We refer to the 
lines Mk, k= 1, 2, 3, as medians. If U_ = (up, vP) lies on a median M,, 
then (3.4) is satisfied for all s, so that Mk is an invariant line for (3.1) for 
each value of s. However, if u_ # mku _, then M, is an invariant line only 
for the special value sk of s given by (3.4): 
s,=u-(2-2bm,-mi)-m,v-. 
In this case, we have the equation 
(3.5) 
ql(u,mu)=O (m = mk) (3.6) 
for equilibria U= (u, mu) on the invariant line. Equation (3.6), being 
quadratic in u, has zero, one, or two solutions. The corresponding ranges 
of (u- , v- ) may be deduced in principle from the sign of the discriminant, 
but the analysis is unenlightening, so it is omitted. 
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(b) Shock Curves 
Next we discuss the bifurcation diagrams and Hugoniot loci for the 
equilibria of (3.1), as (u _, v _ ) = UP varies. As for the rarefaction curves, 
we restrict attention to Case IA within the region a < 36*/4, specifically 
a= -1 and b>O. 
The medians Mk and inflection loci Fk form U--boundaries, meaning 
that as U- crosses one of these curves, the bifurcation diagram undergoes 
a significant qualitative change. The origin divides each median M, into 
rays M,$ , as shown in Fig. 2. In Fig. 2, we show bifurcation diagrams for 
(U _, v _ ) between medians MT and MT, and in Fig. 3, we show the 
Hugoniot loci. Corresponding diagrams for other sectors of the (U _, v _ )- 
plane are easily deduced from Fig. 2 and the role of the K-boundaries 
separating sectors. Figure 2 does not include a hysteresis curve H that lies 
between MT and F,. On H, two limit points coincide, and the detached 
curve flattens out, as shown for (U ~, v ~ ) between F, and F2. However, no 
admissible shocks are affected by this feature, so we do not consider it to 
be a significant U--boundary for the purpose of solving the Riemann 
problem. (For a > 3b2/4, however, the hysteresis curve is significant [lo].) 
If UP lies on M; , then there are undercompressive shocks with U- on 
FIG. 2. Bifurcation diagrams. 
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FIG. 3. Hugoniot loci. (-) Compressive shocks. 
the left of the shock and values of U, lying on Ml on the right of the 
shock. This is shown in Fig. 4b. If UP lies on M: , however, there are no 
undercompressive shocks with U- on the left of the shock. To put it 
another way, all saddle-to-saddle trajectories on Mk for system (3.1) when 
U_ = (u- , O- ) lies on Mk connect a saddle point on ML to a saddle point 
on Mk+. 
The emphasized portions of the diagrams in Figs. 2 and 3 correspond to 
admissible fast and slow shocks. It is quite easy to use Chicone’s result and 
properties of generic vector fields to justify these admissible portions 
entirely. Here, we provide details for the principal new phenomenon, 
namely the inadmissibility of some Lax shocks due to the presence of an 
undercompressive shock. Both fast and slow shocks are affected, but the 
explanation for each family is slightly different. 
We consider the phase plane for Eq. (3.1) as U ~ crosses the median M; . 
THE RIEMANN PROBLEM FOR 2 X 2 SYSTEMS 351 
In Fig. 4 we draw a sequence of bifurcation diagrams and Hugoniot loci. 
For each bifurcation diagram (i.e., each fixed K), there is a phase portrait 
for each value of s. First consider UP above M; , In Fig. 4a, we have 
marked three values s -, s 1, s + of s. The value s, =s,(V-) of s, given by 
(3.5), corresponds to the intersection of the Hugoniot locus with M; at a 
point U,. The point U, E M: satisfies the Rankine-Hugoniot condition 
for the same value s, of s. The corresponding points P = (UP, s,) and 
Q = (Uo, sl) are shown on the bifurcation diagram. W, and U, are both 
saddle points, and there is a trajectory from UP to U, with speed s,, for 
(a) Us above M; 
F* 
(b) VA on M; 
Bifurcation diagrams Hugoniot loci 
FIG. 4. Ii_ near M;. 
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values of U_ above and close to M ; in Eq. (3.1). The phase plane 
portraits for the three values of s are shown in Fig. 5a. The interpretation 
is that U, marks the end of an admissible slow shock curve. For example, 
the shock UP -+ U, with speed s+, the phase plane of which is shown in 
Fig. 5a, is a Lax shock that is inadmissible. We regard the shock Up -+ U, 
as admissible, because although there is no trajectory from U_ to U, with 
speed s,, this shock is the composition of two admissible shocks U_. -+ U, 
and Up+ U,, each having speed s,. 
Next we consider the effect of varying U_ so that it crosses M ; . Note 
that U- effectively depends on one parameter in this procedure. As U_ 
approaches ML, the point P in Fig. 4a approaches the bifurcation point at 
s=l,(K). That is, Up= Up is a saddle-node. In Fig. 4b, S, =A,(K), and 
s -, S, are arbitrary nearby values of S. The phase plane portraits are 
s=s, <n,(K) 
(a) Urn above MT 
s=s,=l,(U_) 
(b) CT- on M, 
UP 
f-3 
U, 
s=s,>/?,(U-) 
(c) K below M; 
FIG. 5. Phase plane portraits for U_ near M;, s near 1,(U_ ). 
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shown in Fig. Sb. Note the undercompressive shock for s = s + . Finally in 
Fig. 5c, we show the phase plane portrait for s = si when UP lies below 
M 1 (see Fig. 4~). Here, although U, + U, is admissible, in fact undercom- 
pressive, the shock UP + Up, which is not a Lax shock, is inadmissible. 
There is a significant change in the slow family as U- moves from F, 
towards M: . As usual, when U_ crosses F,, from sector 3 of Fig. 2 to 
sector 2, the slow shock curves S1 of Fig. 3 are rearranged as shown in 
Figs. 3.3, 3.2, respectively. However, note that for some intermediate value 
of U_, the point U* of Fig.3.2, defined by s(K, U*)=A.,(U*), lies 
exactly on the median M ; . This value of Up lies on a straight line J 
between F, and MT, 
J= (u~:s,(u~)=n,(u~), up $d4;}, 
where s1 = sl(U-) is given by (3.5). For U- between J and M:, the shock 
from U_ to U, with speed si( U- ) is not admissible, and neither is the 
shock from U_ to U,. Without loss of generality, we shall suppose that J 
lies between F, and F,, splitting sector 2 of Fig. 2 into two subsectors 2a 
and 2b. 
To indicate how fast Lax shocks are affected by undercompressive 
shocks, we consider a fixed value s = s* of the shock speed and vary U_ 
near M 1, as shown in Fig. 4. In Fig. 6, we show the corresponding phase 
plane portraits. The justification of the order in which these portraits occur 
is provided by examining a neighborhood of the secondary bifurcation 
point in Fig. 4b. While the section C of Fig. 4a consists of points l= (s, U,) 
corresponding to fast Lax shocks, it is inadmissible because as U- crosses 
M; from below, the unstable manifold from U- hits a saddle point U, 
on M : (see Fig. 6b) and is then kept away from U, for U- above M ; by 
the stable manifold of the saddle point UN, the perturbation of U, (see 
Fig. 6a). 
(c) Slow Wave Curves 
We describe the structure of the slow wave curve for each UL. For 
UL # 0, there are two pieces: W,( U,), containing U,, and W:( U,), which 
does not contain UL. 
(a) K above M; (b) I!- on M, (c) CL below ,441 
FIG. 6. U _ near M ; , s = s*. 
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The portion I+‘,( U,) contiaining lJL is easy to deduce from the 
Hugoniot loci (Fig. 3), since the Lax shocks are all admissible on W,( U,), 
and the construction is that of Liu [8]. As in [lo], the only composite 
slow waves are rarefaction shocks. Thus for U, not on a U,-boundary, 
W,( U,) consists of a shock curve from infinity to U,, a rarefaction curve 
from U, to F, (note that there is exactly one ray F, between each pair of 
rays Ml ), a rarefaction shock curve from F, to the end of a detached slow 
shock curve that extends to infinity. Clearly, W,( U,) shares the same 
asymptotes as the Hugoniot locus of U,. It follows (by considering the 
detailed composition of W,( U,)) that W,( U,) intersects the invariant line 
Ml: at exactly one point O,, where U, lies between the two rays M: , k # j. 
We next consider the undercompressive shocks with 0, on the left of the 
shock, and how the corresponding shock curve C is related to the detached 
slow wave curve Wf(U,). There are three cases to consider: 
(i) D, lies on a slow shock curve for UL. 
(ii) D, lies on a slow rarefaction curve for U,. 
(iii) UP lies on a slow rarefaction shock curve for UL. 
The three case are illustrated in Fig. 7. The remainder of this section is 
given to justifying Fig. 7 using the bifurcation diagrams and Hugoniot loci 
of Figs. 2, 3. For definiteness, we shall consider U, lying in the sector 
between MT and MT, so that W,( U,) crosses M; at a point up. 
(i) When 0, lies on a slow shock curve for UL, as in Fig. 7i, the shock 
U, -+ 0, has speed s, given by (3.5) with Up = U,. Then up= Up is 
joined to U, on MT by an admissible shock with speed s,, as discussed 
in Subsection (b), and U, is the end point of a detached slow shock curve 
ST for U,. To complete the discussion of Fig. 7i, we consider shock waves 
U, + U, with U, on Mf . For U, in the section AUp of Fig. 7i, the 
shock U, -+ U, is inadmissible, and in fact U, is joined to U, by a fast 
rarefaction wave. For U, in the section U,U,, the shock U, -+ U, is an 
admissible fast shock. This fast shock changes to an undercompressive 
shock as U, passes U,, where the shock speed s = s( U, ) passes the fast 
characteristic speed &(U+). As U, approaches U,, the shock speed 
approaches ,. The shock speed si satisfies the inequalities 
SI < A(U,)> 
4(U,)<s, <b(U,)> 
h(U,) < s1 < MU,). 
Thus the shock Up + U, is undercompressive, but the shock U, -+ U, that 
appears in physical (x, t)-space is an admissible slow Lax shock. For U, 
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(i) U, + U, admissible shock 
(ii) UL + 8, rarefaction 
(iii) (I, -+ 0, rarefaction shock 
FIG. 7. Slow wave curves and median M,. (-) Admissible shocks, (e) rarefaction 
curve, (* ) undercompressive shocks, (+t+) rarefaction shocks. 
in the section U, B, the shock UP + U, has speed less than sr, so that the 
section U,B is excluded from this construction. 
Some Lax shocks U, + U, , with U, near U,, are excluded from the 
construction because they fail to have viscous profiles (see Subsection (b)). 
Also, admissible undercompressive shocks and slow shocks Up + U, with 
U, on MT (in the section U, B) are excluded because the shock speed is 
smaller than s, . 
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In Fig. 7i, we have shown UP on a section of the slow shock curve that 
is joined to U,. The same construction applies when U, lies on a detached 
portion of the slow shock curve (but still on M{ ). 
(ii) When up lies on the slow rarefaction curve, as in Fig. 7ii, the 
corresponding point 0, on MT again lies at the end of a detached slow 
wave curve WT, but this time the construction involves rarefaction shocks. 
From Figs. 4, 5, we see that the point 8 = o( U,) at the end of the detached 
slow shock curve ST corresponds to an admissible shock UL -+ 8 with 
speed s,, = 11( UwL). As Up traverses the slow rarefaction curve from U, to 
O,, the point U = o(K) approaches 0,. Each of these rarefaction shocks 
includes an admissible slow shock. If Up were allowed to pass 0, in this 
construction, the railroad track from 6 to 8, would be extended, but now, 
by consulting Figs. 4, 5c, we see that the corresponding rarefaction shocks 
would contain an inadmissible shock. Therefore, we disallow the extension 
of the railroad track past 0,. Note that the shock 0, + 0, has speed 
s = A,( up), so that, in this case, all undercompressive shocks with up on 
the left are allowed. 
(iii) When 0, lies on the rarefaction shock curve, as shown in Fig. 7iii, 
0, again lies at the end of a detached slow wave curve W: containing the 
detached shock curve ST and a slow rarefaction shock curve. Here we have 
to justify the shock wave in the rarefaction shock construction from U, to 
a point U, between 8 and 0, in Fig. 7iii. First, U, is joined to a point U. 
by a rarefaction wave as shown, where U. is such that U, is joined to the 
point 0, on M; by a shock with speed A,( U,). (The set of such U, forms 
the additional minor U,-boundary J discussed in Subsection 3(b).) For 
each U, between U, and U,,, there is a rarefaction from U, to U, followed 
by a shock to U, on W,(U,) or a shock to U3 as shown, both shocks 
having sp?ed A,( U,). As before, this construction terminates with U, = U,,, 
for which U, = 0, and U, = 0,. The detached slow wave curve WT( U,) 
consists of ST together with the railroad track from 8 to 0, shown in 
Fig. 7iii. The possible continuation of W:( U,) beyond O,, involving U, 
beyond U, on W,( U,), is disallowed because the shocks involved (to U,) 
would be inadmissible. 
Remark. In the description of wave curves, we have assumed that the 
phase portrait for (3.1) can change qualitatively only as a result of bifur- 
cation of (finite) equilibria or as a result of the occurrence of a saddle-to- 
saddle trajectory. This assumption can be justified by using the theory of 
polynomial vector fields in the plane [l]. The procedure is to extend the 
vector field to the (invariant) circle at infinity. Gomes [3] found that for 
(3.1) there are six equilibria at infinity, three of which are hyperbolic 
attractors, and three of which are hyperbolic repellers. (Using this informa- 
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tion, Gomes also describes the possible arrangements of equilibria and 
separatrices in the extended phase plane.) The justification we seek is 
provided by coupling Gomes’ result with a result of Sotomayor [16]. This 
states roughly that a polynomial planar vector field is structurally stable 
(within the class of polynomial vector fields of the same degree) if and 
only if 
(i) all equilibria, including those at infinity, are hyperbolic, 
(ii) all periodic orbits are hyperbolic, 
(iii) all saddle-to-saddle trajectories lie on the circle at infinity. 
4. SOLUTION OF THE RIEMANN PROBLEM 
In this section we show how to solve the Riemann problem for system 
(1.2), (1.3) when a < 3b2/4. We seek centered solutions U(x/t) that consist 
of a succession of shock and rarefaction waves separating intervals of x/t 
in which U is constant. Each shock wave in a solution is required to be 
admissible in the sense of viscous profiles described in Section 2. In this 
class of functions, the solution of the Riemann problem exists for arbitrary 
initial data U,, U, in (1.4), and is unique. 
A complete catalog of solutions of Riemann problems involves, as in 
[lo], considering UL fixed and describing the regions in the U,-plane in 
which the Riemann problem solution employs the same combination of 
shock and rarefaction waves, with strengths varying with U,. As (I, varies, 
the arrangement of U,-regions changes. This gives rise to a division of the 
U,-plane into regions (sectors in our case due to the homogeneity of 
K(U)), with the property that for each U, within a given sector, the 
picture of U,-regions is qualitatively the same. 
For a < 3b2/4, the pattern of U,-sectors changes significantly as (a, b) 
crosses the curves mentioned in Remark 2 of Subsection 2(a). However, 
these changes are of secondary importance to solving Riemann problems, 
and are easily understood from the results of this paper, in which we fix 
(a, b), and those of [lo]. 
Rather than give the Riemann problem solution for a representative UL 
in each U,-sector, we show in Fig. 8 the solution for the U,-sectors num- 
bered in Fig. 2 only, to demonstrate the role of undercompressive shocks in 
the solution. The extension to all U,-sectors is straightforward, involving 
standard transitions in the U,-plane as UL crosses each boundary of the 
U,-sectors. The U,-plane diagrams of Fig. 8 were obtained by adding fast 
wave curves to the constructions of slow wave curves of Subsection 3(c). 
As in [lo], the fast wave curves involve only shocks, rarefactions, and 
5OJ/80/2-II 
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FIG. 8. Solution of the Riemann problem 
THERIEMANN PROBLEMFOR 2 X 2 SYSTEMS 359 
shock rarefactions. Generally, a fast shock curve eventually turns into a fast 
shock rarefaction curve, after the shock curve crosses an inflection locus F2 
[lo]. Every fast shock curve is bounded because the shock speed is 
bounded by the characteristic speeds behind the shock, is monotonic along 
the curve, and cannot asymptote to a constant. 
If the shock speed on a fast shock curve decreases to the speed of a 
following undercompressive shock, then the fast shock curve terminates 
before turning into a shock rarefaction curve. This eliminates part of a fast 
shock curve not because the corresponding shocks are inadmissible, but 
because they have speeds lower than the undercompressive shock that has 
to follow them. In Fig. 8, the undercompressive shock in such a construc- 
tion is UP+ UM, with U, lying between U, and U, on MT. The fast 
shock curve S,( U,) from U, terminates at a point U, on the projection 
So of the curve Sk in the bifurcation diagram Fig. 4b. At this point, the fast 
shock speed s* = s( UM, U,) is the same as the speed of the undercom- 
pressive shock Up -+ UM. The corresponding phase plane diagram is shown 
in Fig. 6b. 
Now the shock speed s(U,, U) decreases along S,( U,), starting from 
s = A,(U,). As iJM approaches U,, the projection of the secondary 
bifurcation point of Fig. 4b, we have s( U,, U,) + A,( U,). Thus, S,( U,) 
shrinks to the point U, as U, approaches U,. As U, approaches the 
point UO, S,(U,) approaches the dashed curve joining U, to the end of S, 
shown in Fig. 8. For U, between U, and U,, the fast shock curve S,( U,) 
turns into a fast shock rarefaction curve in the usual way because although 
s( U,, U) decreases along the curve, it encounters a critical point before 
reaching s(U,, U,). It remains to check that U, does indeed lie between 
U, and U, as shown in Fig. 8. 
LEMMA 4.1. Let UZ~ H( U,) with U, # U,, and let s =s(U1, U,). If 
sd A,( U,), then I&,( U,) <s < A,( U,). 
Proof. For U, E M,, the lemma is proved easily by direct calculation. 
Since all secondary bifurcations and limit points involve shock speeds 
between l,(U,) and l,(U,), the set {UEH(U~):U#U~, s(U,, U)< 
A,( U, )} undergoes no bifurcations as U, varies. Thus the type of each 
point in this set, as an equilibrium for (3.1), remains the same, namely a 
saddle point. This completes the proof. 
LEMMA 4.2. U, lies between Ur and U,. 
Proof: Suppose the lemma is false. Then U, must lie between U, and 
U,,. That is, the fast shock wave S,( U,) intersects the curve S, at a point 
360 MICHAEL SHEARER 
Uz. From the construction of the point U, (cf. Subsection 3(c)), there is a 
point U, on W,(U,) such that 
s(U,, U,)=s(U,, u,)~w4). (4.1) 
But the intersection of S,(UQ) with S, means that 
~,(UJ~S(UP, w=aJp, Wd~,(U,). (4.2) 
Thus, Uz E H( U,) and the shock U, -+ U, has speed s satisfying 
which contradicts Lemma 4.1. 
In Fig. 9, we show the overall pattern of wave curves in the U,-plane 
representing the solution of the Riemann problem. The U,-plane divides 
into three major regions, labeled I, II, III in Fig. 9. For UR in region I, the 
solution of the Riemann problem consists of a slow wave and a fast wave, 
separated in the (x, t) plane by a sector in which U(x, t) is constant. This 
construction is the same as that of Liu [8]. For U, in region III, the 
solution also consists of a slow and a fast wave separated by a constant 
state, but here, the slow wave includes a jump from a value of U on the 
slow wave curve W, in region I to a value of U on the slow wave curve 
W: in region III. For U, in region II, there is likewise a jump between 
A’ 
_-cc 
c* 
/* 
/’ 
_---- ,d’ /’ 
_e*- 
d’ 
_.‘ ,/ 
/ 
_-em---- 
/’ 
/’ 4’ 
------___ , __---* /’ I’ 
--------- ---- 
x / 
I’ f 
----__ -- up I---- 
--. : I 
: w* 
---_ ‘8, II im: -. \ I I \ I 1 
-. 
,w, ‘\ ‘\\ ‘\\ 
\ \ 
-. \ \ \ ‘\ ‘\ \ \ \ x ‘\ \ \ \ ‘, \ ‘\ \ 
FIG. 9. Wave curve pattern. (- ) Slow wave curve, ( -) undercompressive shock curve, 
(---) fast wave curve, (-) major boundary (also fast wave curve). 
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regions, but this time it involves an undercompressive shock. The solution 
here involves three waves: a slow wave, a fast wave, and an undercom- 
pressive shock of intermediate speed. This shock joins U = U, to a value of 
U lying on the line C of Fig. 9. 
Remarks. 1. As noted in [lo], the solution of the Riemann problem 
for quadratic nonlinearities is not stable to perturbation by nonquadratic 
terms. If the perturbation is linear and nonsymmetric, then the umbilic 
point may open up into an ellipse within which the characteristic speeds 
are complex. An example of such a perturbation is discussed by Holden 
[S]. If the perturbation is by higher order terms, the effect is more subtle, 
because now the umbilic point is preserved. However, the homogeneity of 
the problem is lost, and this in general destroys the straight wave curves 
Mk. For a< 3b2/4, the undercompressive shocks can no longer be 
described by Chicone’s result, and the general picture is quite complicated 
(cf. [12]). The generic situation is that for each U, there are isolated 
points U, on the Hugoniot locus H( U,) such that the shock U, + U, is 
undercompressive. This is quite different from the special situation that 
obtains for quadratic gradient nonlinearities, where for each U, on certain 
rays M; , there is a segment of H( U,), specifically a segment of Ml, each 
point of which corresponds to an undercompressive shock. For no other 
values of U, does any part of H(U,) correspond to undercompressive 
shocks. 
2. In this paper, we have used the existence of viscous profiles as the 
admissibility criterion for shock waves. Moreover, the smoothing term EU,, 
of (2.6) has the special structure that the diffusion matrix is a multiple of 
the identity. Since Chicone’s result, Theorem 1, is for quadratic gradient 
maps, the results of this paper are sensitive to nonsymmetric perturbations 
of the diffusion matrix, but are robust to symmetric perturbations. (As 
pointed out above, the results are sensitive to nonsymmetric perturbations 
of the nonlinearity also.) 
The use of a viscosity admissibility criterion for shock waves might be 
questioned. However, it is the only criterion currently known to give 
existence and uniqueness of solutions of the Riemann problem (1.2)-( 1.4). 
Let us briefly discuss some obvious alternatives. If only Lax admissible 
shocks are allowed, the Riemann problem for a < 36*/4 does not in general 
have a solution for all initial data. This is not immediately obvious since 
some slow and fast Lax shocks have been excluded from the construction 
in this paper because they fail to have viscous profiles. However, for the 
special case a = - 1, b = 0, in which all Lax shocks have viscous profiles, 
the Riemann problem solution of [13] includes undercompressive shocks 
for an open subset of initial data ( U,, U,) in Iw4. The Riemann problem 
solution varies continuously with (a, b), in the sense that the U,- and U,- 
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boundaries vary continuously. We conclude that for (a, b) in an open 
neighborhood of ( - 1, 0), the Riemann problem cannot be solved using 
only Lax shocks and rarefaction waves, for (U,, U,) in an open subset of 
Iw4. Whether this is the situation for all (a, 6) with a < 3b2/4 is not known. 
An alternative might be to admit all Lax shocks and all undercom- 
pressive shocks. However, except for a = - 1, b = 0, such an admissibility 
criterion leads to nonuniqueness of solutions for certain initial data, when 
a < 36*/4. This is simply because parts of the Hugoniot loci corresponding 
to Lax shocks are deemed inadmissible by the viscosity criterion for each 
(a, 6) # (- 1,0) in the region a < 3b2/4. The inclusion of these Lax shocks 
would introduce solutions of the Riemann problem in addition to the 
solution presented in this paper. 
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